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1. INTRODUCTION 

PHASE change connected with evaporation and condensation 
is important in many engineering applications and natural 
environments. Outstanding examples include windy-day 
evaporation and condensation of mist and fog, distillation 
of a volatile component from a mixture with involatiles, 
double-diffusive convection in ocean flows, the protection of 
system components from high temperature gas streams in 
supersonic aircraft and combustion chambers, the process of 
evaporative cooling for waste heat disposal and cooling of 
microelectronic equipment. This note aims to investigate 
the role of latent heat transport, in association with the 
evaporation of the liquid water film and the condensation of 
water vapour along the wetted annular duct walls, in mixed 
convection flows influenced by the combined buoyancy 
forces of thermal and mass diffusion. 

Mixed convection heat transfer in vertical channel flows 
affected by the thermal buoyancy force alone has been stud- 
ied in detail [l-3]. The effects of mass diffusion on natural 
convection heat transfer have been examined for external 
Bows [4-61 and internal flows [7-lo]. Concerning forced 
convection flows, combined heat and mass transfer in lami- 
nar flows was well investigated [l l-131. Recently, mixed 
convection heat and mass transfer in vertical tubes and 
between parallel plate channels, which are two limits of the 
annular duct, has received most attention [14, 151. Despite 
the fact that mixed convection heat and mass transfer in 
vertical annuli is relatively important in engineering appli- 
cations, it has not received enough attention. 

In the present note, the geometry of the problem under 
consideration is a vertical concentric annulus with inner and 
outer radii being R, and R,, respectively. The walls are 
wetted by thin liquid water films. The inner and outer walls 
are, respectively, kept at uniform but different temperature 
levels, T, and r,, higher than the ambient temperature, T,. 
The flow of moist air in the channel, initially stationary, is 
initiated by a mechanical device as well as by the combined 
buoyancy forces due to differences in temperature and in 
concentration of water vapour between the liquid films and 
the ambient. Attention is paid to investigating how the 
uneven annular duct wall temperatures affect the latent heat 
transport in conjunction with the evaporation of the liquid 
film or condensation of water vapour on the wetted walls. 

2. ANALYSIS 

With the Boussinesq and boundary-layer approximations, 
the mixed convection heat and mass transfer in a vertical 
annular duct can be described by the basic equations in 
dimensionless form as : 

continuity equation 

(1) 

axial-momentum equation 

(2) 

energy equation 

q II ? 
.?!+,!!=lli V; +“$!““; 
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(3) 

concentration equation of water vapour 

Equations (l)-(4) are subjected to the following boundary 
conditions : 

x=0: u= 1,u=o,w=o,P=o (5a) 

q=N: L’=O,V= l’,(X),@=r,, 

W = (w, - w~j)/(w, - wO) (5b) 

4=1: U=O,V= v*(X),0=1,w=(w2-M’0)/(M’~-w,J 

(5c) 

where 

w,--u’o 1 aw 
V, = _____~ 

l-w, SC at) ,’ 
i= 1.2. (6) 

Since the air-water interfaces are assumed to be in ther- 
modynamic equilibrium, the interfacial mass fractions of 
water vapour on the wetted walls can be evaluated by the 
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NOMENCLAI-URE 

A [f(,> -c,,,)!‘c,l .O*:-i(‘,,) SC Schmidt number. r. I) 

et> specific heat T temperature 
D mass diffusivity L; dinlensionless axial velocity 

Dll hydraulic diameter V dimensionless radial velocity 

B gravitational acceleration V,. Y2 dimensionless interfacial velocities of the 

Gr ,, Grashof number (mass transfer). moist mixture on the inner and outer wetted 
y(M,,/M, - I)(&‘, - ““)D;jv~ walls, respectively 

Grr Grashof number (heat transfer). W dimensionless mass fraction of water vapour, 
, 

,$(TL - TO)D,:i(r,r-) (M- ICQ)i(W, - W:J 

jr, latent heat of vaporization Vi‘, saturated mass fraction of water vapour at .r, 

h 
k” 

local mass transfer coefficient and pa 
thermal conductivity x dimensionless axial coordinate 

M molecular weight Y dimensionless radial coordinate. 
N radii ratio, RI/R2 CT-R,)/(R,-R,). 
P dimensionless motion pressure 
Pr Prandtl number. vir Greek symbols 
p,, p2 partial pressures of water vapour on inner and x thermal difiiisivitv 

outer wetted walls. respectively dimens~oniess radial coordinate, riR? 

9” interfacial energy flux flowing into air stream 3 dimensionless temperature, (T- r,,)/(Tr - rtr,,f 

v/ dimensionless wall heat flux (latent heat), I’ kinematic viscosity 
equation (1 Ic) I’ density 

Q\ dimensionless wall heat flux (sensible heat), 4) relative humidity of air in the ambient. 

equation (I I b) 

(27 dimensionless wall heat flux (total). Subscripts 

equation (IO) air 

Q2 totd heat transfer rate on the outer wetted wall : bulk quantity 

ea total heat transfer rate without mass transfer r reference condition 

r radial coordinate 
Re inlet Reynolds number of the moist air ; 

water vapour 
inlet condition 

R,, Rz inner and outer radii. respectively I condition at inner wall : i.e. at Y = RI 

S, parameter. pDIr,,, (rc, - w,,)/[k( Tr - 7;,)] 2 condition at outer wall; i.e. at r = R?. 

equations [X, 91 The dimensionless wall heat flux is defined as follows : 

I(‘, =p,M,i[p,M,+(p-p,)M,l. i= I,2 (7) 

wherep, andpz are respectively the partial pressures ofwater 
vaponr on the inner and outer wetted walls. 

In the nond~mensiollalizat~on process, the following 
dimensionless variables are introduced : 

x = 2X(1 --N)/(Rz Re), q = v,:Rz 

c’ = u/u,,, V = t>f?,:v 

0 = (T- T”)/( 7‘? - T,,). W = ( H.-wi,)!(wb .- ‘Ye) 

P = (p--po)ipu& rli = R,/R, 

Gr, =,q(T,-T~,)D;~(~‘l-,,) 

Gr,, = g(M,JM, - i)(c\,,--l,,,,)n,:;‘e’ 

RE = uoDhh. D,, =2(R2-R,) 

rr= (Ti-T,)j(T1---Tii), Y= (I.-K1)I(R2-RI). (8) 

Energy transport between the wetted walis and the moist 
air in the presence of mass transfer depends on two related 
factors : the fluid temperature gradient along the wetted wall, 
resulting in a sensible heat transfer, and the rate of mass 
transfer, resulting in a latent heat transfer [ 16. 171 The total 
energy fluxes from the wetted walls into the gas stream can 
then be expressed as 

and 

Combining equations (9) and (I 01 yields 

Q,,=Q>,+Q,,. i= I,2 (I la) 

where 

I 30 
(jfb) 

and 

Similarly, the local Sherwood numbers at the air water inter- 
faces are defined as 

and 

,~_ /’ (12b) 

In this note, the thermophysical properties of the mixture 
are taken to be constant and are evaluated by the one-third 
rule. This special way of computing the properties is found 
to be appropriate for the study of combined heat and mass 
transfer problems [I 1, 181. The complete details on the evalu- 
ation are available in ref. [9]_ 
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3. RESULTS AND DISCUSSION 

To check the adequacy of the numerical scheme employed 
in the present study, the results for the limiting case of lami- 
nar mixed convection heat transfer in a vertical annular duct 
were first obtained. Excellent agreement between the present 
predictions and those of El-Shaarawi and Sarhan [I] was 
found. Additionally, to produce the grid independent 
numerical results, several different arrangements of grid 
points in the x- and r-directions were tested. It is found that 
the differences in QY, for the computation by using 101 x 8 1 
and 201 x 161 grids are always less than 2%. Accordingly, 
the results presented in this note are based on a 101 x 81 grid. 

In the present note, calculations are particuiarly performed 
for the moist air in the annular duct, a situation widely found 
in engineering systems. The following conditions are selected 
in the computations: unsaturated moist air with a relative 
humidity of 50% at 20°C and 1 atm enters the long vertical 
annuli with outer radius being 3.0 cm from the bottom by 
the combined action of a certain external force as well as the 
buoyancy forces of heat and mass diffusion. All the non- 
dimensional parameters can then be evaluated. Results 
obtained for several cases are presented in Table 1. 

Q Xl 
To demonstrate the relative contributions of heat transfer 

through sensible and latent heat exchanges in the flow, three 
kinds of dimensionless wall heat fluxes along the inner wetted 
wall are presented in Fig. I. Careful scrutiny of Figs. l(a) 
and (b) indicates that in the initiai portion of the annular 
duct, both Q,, and Q,r are positive. But as the moist air goes 
downstream, Q,, and Q, change sign and become negative, 
except for case I-a symmetric heating case. In addition, the 
axial locations after which Q, and Q,, become negative are 
closer to the channel entrance for the system with a higher 
T,. The change of sign in Qt, is undoubtedly associated with 
the direction of mass diffusion along the inner wetted wall. 
Near the channel entrance, because of the low concentration 
of water vapour in the air stream. the liquid film evaporates 
and generates water vapour into the air stream from the 
inner wetted wall. Therefore, the direction of latent heat 
transfer is from the inner wetted wall to the air stream, giving 
a positive Q,, . But as the moist air moves downstream, due 
to the strong evaporation from the outer wetted wall which 
is kept at a higher temperature, the mass fraction of water 
vapour in the flow could be over M;~ after a certain axial 
location. Thereafter, the condensation of water vapour 
occurs on the inner wetted wall, which, in turn, results in a 
negative distribution of QI ,. In Fig. l(c), Q,, is the sum of 
Qsl and PII. 

-$, , )$%.+qJ 
0.02 0.06 0.08 0.l 

X 

FIG. I. Local dimensionless wall heat fluxes along the inner 
wetted wall: (a) sensible; (b) latent heat; (c) overall. Case 
I : T, = 3O”C, Tz = 30°C N = 0.5, Re = 2000; Case III : 
T2 = 50°C N = 0.5, Re = 2000; Case VI : T2 = 7O’C, 
N = 0.5, Re = 2000; Case IX: T, = 70°C N = 0.5, 

Re = 500. 

is always positive. This implies that the heat transfer ex- 
change is from the outer wetted wall to the gas stream. 

The axial distributions of Sherwood number along both 
wetted walls are shown in Fig. 3. Because the outer wall 
temperature is maintained at a higher level than the inner 
wall temperature, the water vapour is always evaporated into 
the air stream from the outer wetted wall, and hence Shz is 
positive. But on the inner wetted wall, S/-r, is negative in the 
downstream region. This, as just discussed, implies that the 
condensation of water vapour occurs on the inner wetted 
wall in the downstream region. 

The effects of radii ratio N on the distributions of Q,, and To illustrate the effectiveness of latent heat transfer 
Q1-? are shown in Fig. 2. It is clear in Fig. 2(a) that the axial through mass diffusion, the heat transfer rate from the outer 
location at which Qxi changes sign is closer to the channel wetted wall is compared with the results for the situation in 
entrance for the system with a larger radii ratio N. Moreover, which both walls are not wetted. The results for QJQ’; are 
a higher e, is experienced for the system with smaller N in presented in Fig. 4. Q’; represents the actual heat transfer 
the initial portion of the channel. But as the flow moves in rate on the outer wall under the same condition for each case 
the downstream direction, the reverse is true. In Fig. 2(b), except no water films on the channel walls. It is clearly seen 
the dimensionless wall heat flux along the outer wetted wall that the capacity of energy transport through mass difmsion 

Tabfe 1. Values of major parameters for various Cases 
- 

Case T, T, N Re Gr, Gr,Sf Pr SC s, 

I 30 30 0.5 2000 37 182.55 12771.31 0.706 0.594 5.391 
II 30 50 0.2 2000 426467.10 183021.34 0.703 0.591 19.943 

III 30 50 0.5 2000 104 117.95 44 682.94 0.703 0.591 19.943 
IV 30 50 0.8 2000 6663.55 2859.71 0.703 0.591 19.943 
V 30 70 0.2 2000 673626.64 503061.18 0.700 0.583 56.185 

VI 30 70 0.5 2000 164459.63 122817.67 0.700 0.583 56.185 
VII 30 70 0.8 2000 t0 525.41 7860.33 0.700 0.583 56.185 

VIII 30 50 0.5 500 104 117.95 44 682.94 0.703 0.591 19.943 
IX 30 70 0.5 500 164 459.63 122817.67 0.700 0.583 56.185 

-. ~. 
Units for parameters: Tin ‘C, @ in %, R2 in m. To = 20°C @ = 50%, R> = 0.03 m. 

5.391 
6.498 
6.498 
6.498 

10.730 
10.730 
10.730 
6.498 

10.730 
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FIG. 2. Effects of radii ratio N on the distributions of dimen- 
sionless wall heat fluxes along both wetted walls. Case V: 
T, = 3OO”C, T2 = 7O”C, N = 0.2, Re = 2000; Case VI : 
T2 = 70°C. N = 0.5, Re = 2000; Case VII: Tz = 70°C. 

N = 0.8, Re = 2000. 

X 

00% 01 
X 

FIG. 3. Local Sherwood number distributions along both 
wetted walls. Case II: T, = 30°C. r, = 5O”C, N = 0.2, 
Re = 2000; Case III : T, = 5O”C, N = 0.5, Re = 2000; Case 
IV : T2 = 5O”C, N = 0.8, Re = 2000 ; Case VIII : T, = _5O”C, 

N = 0.5, Re = 500. 

0 cl02 QOL 0.06 0.08 0.1 

X 

FIG. 4. Effects of system conditions on the total heat transfer 
rate. Case I : T, = 3o”C, Tz = 30°C N = 0.5, Re = 2000 ; 
Case III : T, = 5o”C, N = 0.5, Re = 2000; Case IV: 
Tz = 5O”C, N = 0.8, RP = 2000: Case VI: TZ = 7o’C, 
N = 0.5, Re = 2000; Case IX: T, = 7O“C, N = 0.5, 

Re = 500. 

is tremendous by noting that Q&; can be as large as 13 for 
case IX (T, = 70°C and Re = 500). 

4. CONCLUSIONS 

The nature of laminar mixed convection heat and mass 
transfer in vertical concentric annuli has been studied for an 
air- water vapour mixture system. The effects of wetted wall 
temperatures, Reynolds number of the flow and radii ratio 
on the heat and mass transfer were investigated in great 
detail. A brief summary of the major results is given below. 

(1) Heat transfer in the flow is dominated by the transport 
of latent heat in conjunction with the vaporization or con- 
densation of water vapour along the wetted walls. 

(2) Because of a larger amount of water vapour evaporated 
into the air stream for the system with a higher T,, the axial 
location where the incipience of the condensation on the 
inner wetted wall is closer to the channel entrance. 

(3) In the initial portion of the channel, higher dimen- 
sionless wall heat flux Q> and Sherwood number S/I along 
both wetted walls are experienced for the system with smaller 
radii ratio N. 

(4) The presence of the mass diffusion effect causes pro- 
nounced heat transfer enhancement. 

I. 

2. 

3 _ 

4. 

5. 

REFERENCES 

M. A. I. El-Shaarawi and A. Sarhan. Free convection 
effects on developing laminar flow in vertical concentric 
annuli, J. Heat Tramfer 102,617 622 (1980). 
S. Hebchi and S. Acharya, Laminar mixed convection 
in a systematically or asymmetrically heated vertical 
channel, Numer. Heat Transfer 9, 605-618 (1986). 
W. Aung and G. Worku, Developing flow and flow 
reversal in a vertical channel with asymmetric wall tem- 
peratures, J. Heat Transfir 108, 299-304 (1986). 
W. N. Gill, E. D. Casal and D. W. Zeh, Binary diffusion 
and heat transfer in laminar free convection boundary 
layers on a vertical plate, Inl. J. Weat Mass Transjiv 8, 
1135-1151 (1965). 
T. S. Chen and C. F. Yuh. Combined heat and mass 
transfer in natural convection on inclined surfaces, 
Numer. Heat Transfiv 2, 233-250 (1979). 



Technical Notes 1313 

6. 

I 

8 

9. 

10. 

II. 

12. 

M. Hason and A. S. Mujumdar, Coupled heat and mass 
transfer in natural convection under flux condition along 
a vertical cone, Inl. Commun. Heat Mass Tramfir 11, 
157-172 (1984). 13. 
T. S. Lee, R. G. Parikh, A. Acrivos and D. Bershader, 
Natural convection in a vertical channel with opposing 
buoyancy forces, Int. J. Heat Mass Transfer 25, 499- 14. 
511 (1982). 
C. J. Chang, T. F. Lin and W. M. Yan, Natural con- 
vection flows in a vertical open tube resulting from com- 
bined buoyancy effects of thermal and mass diffusion, 15. 
ht. J. Heat Mass Transfer 29. 1543-1552 (1986). 
W. M. Yan, Buoyancyinduced heat and masstransfer 
in vertical channel flows, Ph.D. Thesis, Department of 
Mechanical Engineering, National Chiao Tung Uni- 16. 
versity, Hsinchu, Taiwan, January (1989). 
W. M. Yan and T. F. Lin, Combined heat and mass 
transfer in natural convection between vertical parallel 17. 
plates with film evaporation, ht. J. Heat Mass Transjk- 
33, 529 -54 I ( 1990). 
L. C. Chow and J. N. Chung, Evaporation of water into 
a laminar stream of air and superheated steam, Int. J. 18. 
Heat Mass Transfer 26,373-380 (1983). 
C. H. Wu, D. C. Davis, J. N. Chung and L. C. Chow, 

Simulation of wedge-shaped product dehydration using 
mixtures of superheated steam and air in laminar flow, 
Numer. Heat Transjkr 11, 109-123 (1987). 
M. Haji and L. C. Chow, Experimental measurement of 
water evaporation rates into air and superheated steam, 
J. Heat Transfer 110,237-242 (1988). 
T. F. Lin, C. J. Chang and W. M. Yan, Analysis of 
combined buoyancy effects of thermal and mass 
diffusion on laminar forced convection heat transfer in 
a vertical tube, J. Heat Tram/& 110,337-344 (1988). 
W. M. Yan, Y. L. Tsay and T. F. Lin, Simultaneous 
heat and mass transfer in laminar mixed convection flows 
between vertical parallel plates with asymmetric heating, 
Int. J. Heat Fluid Flow 10, 262-269 (1989). 
E. R. G. Eckert and R. M. Drake, Jr., Analysis of Heat 
and Mass Transfer, Chaps 20 and 22. McGraw-Hill, 
New York (1972). 
J. L. Mangararo and 0. T. Hanna, Simultaneous energy 
and mass transfer in the laminar boundary layer with 
large mass transfer rates toward the surface, A.I.Ch.E. 
JI16,204211 (1970). 
G. L. Hubbard, V. E. Denny and A. E. Mills, Droplet 
evaporation : effects of transients and variable proper- 
ties. Int. J. Heat Mass Transfer 18, 1003~1008 (1975). 
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INTRODUCTION 

UNTIL recently the performance of counter-flow cooling 
towers was most commonly analyzed by applying the so-called 
Merkel model. This model is based on ec&&ns developed 
in a oaper published in German bv Merkel in 1925 111. This 
work was largely neglected until-the paper was translated 
into English by Nottage in 1941 [2]. Since then the model 
has been widely applied. The equations express an energy 
balance and describe simultaneous mass and heat transfer 
coupled through the Lewis relation. However, in the interest 
of tractability the equations were simplified by omitting a 
term and as a result do not account for the mass of water 
lost by evaporation. Given the inlet water and air conditions 
the Merkel equations predict the enthalpy (hence wet-bulb 
temperature) of the outlet air, but not its humidity. The 
equations also predict the required number of transfer units 
(NTU) to accomplish the process. The NTCI expresses the 
relationship which must exist between the mass/heat transfer 
coefficient and the tower volume to make the process 
possible. The Merkel equations are readily solved numeri- 
cally using the modified Euler procedure, which can easily 
be executed in a spreadsheet format on a PC. 

Recently a computer program called VERAZD [3] was 
developed for the Electric Power Research Institute (EPRI) 
to provide a two-dimensional model for determining cool- 
ing tower performance, both counter-flow and cross-flow. 
VERA2D also corrects an error in the derivation of the 
Merkel equations. The present paper retains the assumption 
of a one-dimensional model but corrects the Merkel equa- 
tions so that the mass of water lost by evaporation is properly 
accounted for. Consequently with the model developed here 
the enthalpy and humidity of the air exiting the tower are 
determined. Corrected values of NTU are also evaluated. 
Now. a set of differential equations must be solved rather 

than just one. However, again using the modified Euler pro- 
cedure the solution is readily executed in a spreadsheet for- 
mat on a PC. It is found that the Merkel equations under- 
estimate the required NTU by an amount which can be 
significant. In addition to improving the prediction of the 
required NTU, this model predicts the state of the outlet air, 
not just its enthalpy. It is necessary to know the state of this 
air if the effect on the environment of the cooling tower 
operation is to be determined ; by, for example, entropy or 
exergy calculations. 

BASIC THEORY 

Consider a vertical counter-flow cooling tower in which 
liquid water enters the top at a mass flow rate L, and a 
temperature t ,, and leaves the bottom at a mass flow rate Lz 
(less than L, due to evaporation) and a temperature t2. Air 
enters the bottom of the tower at a mass flow rate G( I +X3) 
(where G is the mass flow rate of dry air and X is the absolute 
humidity; i.e. mass of water vapor per unit mass of dry air), 
a dry-bulb temperature Tz and a wet-bulb teperature TS, 
and leaves at the top at a temperature T, and an absolute 
humidity X,. 

L,, I,, tz, G, T,, and r: (hence I’,) will be considered 
given as describing a particular cooling task ; i.e. L, cooled 
from t, to t2 (with some evaporation) by a dry air flow G 
with atmospheric conditions described by T, and T:. The 
problem is to determine Tq, X, (and hence the liquid water 
loss due to evaporation). and the relationship between the 
mass and heat transfer coefficients and the tower volume 
required to perform the operation. This will be accomplished 
by requiring mass and energy conservation, and applying 
appropriate mass and heat transfer relationships. 

We will adopt a one-dimensional model by assuming that 
the state of the water and air varies only with vertical position 


